In this paper, the MLMM modal parameter estimation method (Maximum Likelihood estimation of a Modal Model) and its new variant will be introduced. The MLMM method tackles some of the remaining challenges in modal analysis (e.g., modal analysis of highly-damped cases where a large amount of excitation locations is needed such as the modal analysis of a trimmed car body). Another big advantage of the MLMM method is its capability to fully integrate, within the estimated modal model, some important physical constraints, which are required for the intended applications, e.g., realness of the mode shape and FRFs reciprocity. More classical modal parameter estimation methods have rarely the possibility to fully integrate these constraints and the obtained modal parameters are typically altered in a subsequent step to satisfy the desired constraints. It is obvious that this may lead to sub-optimal results. The MLMM method uses the LevenbergMarquardt optimization scheme to directly fit the modal model to the measured FRFs. The applicability of MLMM to estimate an accurate constrained modal model will be demonstrated using two challenging industrial applications.
Introduction
The modal model expresses the dynamic behavior of a linear time-invariant system as a linear superposition of the contributions from different vibration modes of the structure where each vibration mode is expressed in terms of its modal parameters: resonance frequency, damping ratio, mode shapes, and participation factors. To determine those modal parameters, the starting point is usually a set of measured frequency response functions (FRFs). The relation between the modal parameters and the measured FRFs ( ) ℂ × ( the number of outputs, the number of inputs) is expressed in Equation (1) . (1) is estimated and validated it can serve as a base for a redesign process for optimizing the system dynamic behavior. Two important applications of the experimentally driven modal models are the structural static stiffness identification and the NVH refinement of a fully trimmed car body. Estimating reliable modal models for those two applications requires: (1) the use of many excitation locations to sufficiently excite the modes of the car body due to the high level of damping and high modal density; and (2) the identified modal model must fulfill some physical constraints, e.g., FRFs reciprocity and the realness of the mode shapes. The more classical modal parameter estimation methods fail to achieve a high-quality curve-fit of an FRF matrix with large number of columns (e.g., >4). Moreover, classical modal parameter estimation methods have rarely the possibility to fully integrate some physical constraints (e.g., FRFs reciprocity) and the obtained modal parameters are typically altered in a subsequent step to satisfy the desired constraints. It is obvious that this may lead to sub-optimal results, as for instance evidenced by a degradation of the quality of the fit between the identified modal model and the measurements. Hence, a non-reliable modal model is estimated, and consequentially erroneous results are obtained.
In this paper, a recently-developed modal parameter estimation method called MLMM (Maximum Likelihood estimation of a Modal Model) and its new feature will be presented. The MLMM uses the well-established statistical concept of maximum likelihood estimation to estimate directly a modal model based on measured FRFs. In MLMM, the parameters of the modal model (1) are optimized using the Levenberg-Marquardt optimization scheme. Desired physical constraints (e.g., FRFs reciprocity, realness of mode shapes, etc.) can be applied on the identified modal model and directly considered in the optimization process, which significantly reduces the impact of these constraints on the quality of the final estimated modal model. By means of two challenging industrial applications, the capability of the MLMM to deliver accurate modal models will be demonstrated.
MLMM Modal Parameter Estimation Method

MLMM: Basic Background
The MLMM modal parameter estimation method is a multivariable (i.e., MIMO) frequencydomain method that uses the modal model as a parametric model to represent the measured FRFs over a chosen frequency band. The MLMM method is originally introduced in [1] and further improved in terms of the computational load in [2] . In [3] , the MLMM method is adapted to consider some desired physically motivated constraints (e.g., FRFs reciprocity) in the optimization process. The MLMM method differs from the existing modal parameter estimation methods in the sense that it directly optimizes the modal model, represented by Equation (1), rather than optimizing a high order rational fraction polynomial-based model and reducing it in a subsequent step to a modal model that leads at the end to sub-optimal results. The optimization process tunes the parameters of the modal model to minimize the following quadratic-like cost function so that a best match between the modal model and the measurements is obtained:
with ( , ) ∈ ℂ the weighted residual (i.e., the error between the measured FRF ( ) and the estimated FRF ( , ) represented by the modal model in Equation (1)) and ( ) the standard deviation of the measured FRF for output and input . This residual ( , ) is a nonlinear function of the modal model parameters . In case the noise information (i.e., ( )) is not available, the method can still be used with unweighted error equation. The optimized estimates of (i.e., , , , , and ) will be obtained by minimizing the cost function ℓ ( ) using the Levenberg-Marquardt optimization algorithm. To start this non-linear optimization problem, initial values for all the modal parameters are estimated by the well-known LMS Polymax method [4, 5] . The Jacobian matrix that is needed for the optimization process is calculated analytically by driving the derivatives of the error equation with respect to all the parameters of the modal model (1) (i.e., ⁄ ). Constraints on the identified modal model can be imposed by the user before staring the estimation process. If the objective is to validate a proportionally damped finite element model (FEM), the MLMM can be limited to finding the best fit modal model with purely imaginary residue matrices meaning that ℜ( ) = 0 in Equation (1) which is mathematically consistent with the numerical models. Similarly, reciprocity of the modal model can be imposed upfront, avoiding the risk of degrading the model quality by imposing the reciprocity requirement after the estimation. Imposing reciprocity in the modal model (1) implies that the residue matrices and the residual matrices and are imposed to be symmetric.
MLMM: A New Feature
According to the modal theory, a physical vibration mode should yield a negative mass sensitivity [6] meaning that adding a mass to a mechanical structure at a measurement point will decrease the damped natural frequencies for all modes. This is a very important property of the modal model especially when correlating a FE model with an experimentally driven modal model. If the mode is estimated with a positive mass sensitivity (PMS), it could be that this mode is related to a dubious pole (e.g., computational pole that models noise effects), or it is poorly excited mode. In both cases, this mode should be removed from the mode set before using it for the intended application. A new feature that enables the automatic rejection of such modes (i.e., the ones estimated with PMS) from the mode set during the optimization process is added to the MLMM method.
Applications
Application of MLMM Method to Trimmed Car Body Structural Data Set
A modal test is done in free-free condition on a trimmed car body where the car body is excited at 40 locations and the resulting acceleration responses are measured in 3 degrees of freedom at series of output points (40+) distributed over the car body. This modal test aims to obtain an experimentally driven modal model that can be used to identify the structural static stiffness at some connection points at the structure of the car body. The static stiffness is defined by both the global body characteristics as global torsional, bending, and shear modes (i.e., modes <100 Hz) as well as local body characteristics (i.e., modes >100 Hz). The modal model of the trimmed body has been identified through the combined use of LMS Polymax and MLMM estimators, representing the global dynamics up to 100 Hz. An initial modal model is generated by applying the Polymax estimator to the measured FRFs. Afterwards, MLMM method is used to further optimize the initial modal model considering that the model verifies the reciprocity and the mode shapes realness constraints. The new option added to the MLMM estimator that enables the automatic rejection of the modes that have a PMS during the iterations is enabled. For this analysis, a limited number of references (e.g., 6 columns of the FRFs matrix) are used for the estimation process. The initial mode set generated by the Polymax estimator has 69 modes, and the MLMM retains 54 modes at the end of the iterations. This means that 15 modes are rejected by MLMM during the optimization because they are estimated with a PMS.
The comparison between the modal model identified by the MLMM and the initial one is presented in Figure 1 by comparing one of the synthesized FRFs to the measured one. Clear advantage of MLMM usage is demonstrated in Figure 1 where the obtained modal model closely fits the measured FRF in comparison with the initial modal model. By using the identified modal model that represents this dynamic data the static stiffness can be identified by excluding the rigid body and the out-of-band behavior from the modal model. The stiffness value estimated for some points using the identified MLMM modal model is shown and compared to the expected (reference) values in Figure 2 . In this figure, the impact of the new option added to the MLMM estimator, which enables the rejection of the modes that have a PMS, on the reliability of the results is demonstrated. A trimmed body (TB) modal model is built based on MLMM enabling the PMS modes rejection option and a second TB modal model is built using MLMM while disabling that option. The reference value shown in Figure 2 is estimated based on modal model that has been built by fitting an FRFs matrix that has 40 columns (i.e., 40 excitation locations) using MLMM. Results in Figure 2 are shown for point pairs, i.e., each point exists on the both sides of the car. From this figure, it can be concluded that even by using a limited number of references (i.e., 6 inputs) the MLMM method with the new added option (i.e., automatic rejection of modes with PMS) is capable to deliver a more reliable modal model that gives more realistic estimates for the static stiffness in terms of the magnitude and the distribution over the car body. The MLMM with the mode rejection option enabled gives stiffness values that are closer to the expected value and that are symmetric as would be expected on a typical car body structure.
Application of the MLMM Method in the Field of Acoustic Modal Analysis (AMA) of a Car Cavity
In this application, many excitation locations were also needed as in the previous example as well to get sufficient excitation of the acoustic modes across the entire cavity of the car and to avoid mode shape distortion that typically occurs when low number of acoustic sources are used [9] . Multiple inputs multiple outputs (MIMO) acoustic modal analysis test was carried out inside the cavity of a car where the car cavity is acoustically excited at 12 locations using loudspeakers and the sound pressure is measured at 612 locations using microphones. Detailed description of the measurement can be found in [7] . The FRFs matrix used for the modal parameter estimation consists of 527 rows, 10 columns, and 450 spectral lines. It has been observed that the classical modal parameter estimation methods have some difficulties in fitting an FRFs matrix with such number of columns (i.e., inputs) [8, 9] . The LMS Polymax estimator was applied to that large database in the frequency band of 44 till 220 Hz. Based on the Polymax stabilization chart, 13 modes were retained. The acoustic cavity and the flexible walls of the cavity constitute a coupled vibro-acoustic system and hence the modes of the system generally will consist of an acoustic part (pressure waves in cavity air) and a structural part (flexural waves in cavity walls). Therefore, and even though both excitation and measured response quantities are from the acoustic domain, also more structural related modes may be retrieved from the analysis. Nevertheless, it appears that the selected modes are to a large extent "acoustically dominant" modes. Using the same Polymax poles, both real and complex mode shapes have been estimated. The curve-fitting quality is represented in Table 1 (Polymax columns). Afterwards, 10 MLMM iterations are applied to the Polymax initial estimates, both using the general complex mode formulation of the modal model and the constrained real-mode shapes modal model. Also, the MLMM results are represented in Table 1 . Whereas Table 1 provides averaged results over all FRFs, Figure 3 shows the curve-fitting results of a typical FRF. From Table 1 it can be concluded that, obviously, the fitting quality degrades when using real instead of complex mode shapes in Polymax (i.e., initial generated modal model). When comparing MLMM with Polymax, substantial improvements are obtained in terms of curve-fitting quality, both for general complex modes and real modes. Interesting to observe is that the real mode shapes MLMM-based results are superior to the complex mode shapes Polymax-based results, indicating that although the real mode shapes-based modal model has less parameters that can be tuned, still superior results are obtained, thanks to the optimization process in MLMM. An example of a real and complex mode shape pair is provided in Figure 4 . The (complex) mode shape (Right) had quite high complexity indicators: MPC = 84%, MPD = 26°. Real mode shapes are typically easier to interpret and may be more suited for correlation with FE models [10] . 
Conclusions
The MLMM modal parameter estimation method is introduced and validated using two challenging real-life applications that are of great interest to the automotive OEMs. The MLMM method estimates directly the modal model starting from a set of measured FRFs using LevenbergMarquardt optimization scheme, and it has the advantage that it can integrate physical constraints (e.g., FRFs reciprocity and realness of the mode shapes) in the identified modal model directly during the optimization process. A new feature is added to the MLMM method which enables the user to automatically reject modes that have positive mass sensitivity during the optimization process. From the obtained results it can be concluded that by combining the features of both Polymax and MLMM estimators more reliable constrained modal models that are able to accurately represent the measured FRFs can be identified and used for the intended application.
